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[1] A mathematical model describing the steady state flows in a forced gradient tracer
test between an injection and pumping borehole in a multilayered sandstone aquifer
has been developed that includes the effect of vertically variable background heads.
A second model describing the recovery of tracer from a layer in which there are
discharges due to vertical flow in the injection borehole is also presented. Application of
the models to field tracer test data indicates that the observed recoveries, which are not
proportional to the abstraction rate in each layer, are consistent with the hydraulic
behavior of the aquifer when natural vertical head gradients are taken into account.
Investigation with the models illustrates that the vertical distribution of tracer recovery
depends strongly upon the background heads and that tracer tests conducted in the same
aquifer, but at different times, may interrogate different aquifer layers. It is also shown
generally that for a given abstraction rate the vertical distribution of tracer recovery in
small‐scale tracer tests is controlled largely by the transmissivity distribution but that
as the spatial scale of the test increases, the distribution of recovery becomes
proportional to the discharges from the injection borehole because of vertical flows within it,
which may be natural or induced by pumping in the monitoring borehole. Uncertainties
inherent in the design of forced gradient tracer tests in multilayered aquifers and the
problems of applying the results of such tests to natural gradient contaminant migration
are discussed.
Citation: Riley, M. S., J. H. Tellam, R. B. Greswell, V. Durand, and M. F. Aller (2011), Convergent tracer tests in multilayered
aquifers: The importance of vertical flow in the injection borehole, Water Resour. Res., 47, W07501,
doi:10.1029/2010WR009838.
1. Introduction
[2] Forced gradient tracer tests between an injection and
a pumping borehole are used often in experimental inves-
tigations into the transport properties of contaminants and
aquifers [Ptak et al., 2004], and recently, they have been
used to evaluate subsurface heat transport [e.g., Clarkson
et al., 2009]. This paper is concerned with tests in which
the introduction of tracer is achieved without significant
modification of the flow field around the injection well [e.g.,
Lloyd et al., 1996; Ptak and Schmid, 1996; McCarthy et al.,
1996; Gutiérrez et al., 1997; Karasaki et al., 2000; Riley et
al., 2001; Streetly et al., 2002; Reimus et al., 2003a;
Reimus et al., 2003b; Kurtzman et al., 2005; Gierczak et al.,
2006; Mathias et al., 2007; Hartmann et al., 2007; Joyce
et al., 2008; Taylor et al., 2010]. In particular, we concen-
trate on multilayered systems composed of a sequence of
aquifer units separated by aquitards. Such systems may
exhibit variations in head over depth, with vertical flow
inhibited by the aquitard layers. An injection borehole con-
structed in such a system will act as a conduit for vertical
flow, which will affect the delivery of tracer to each aquifer
layer, and consequently, the vertical distribution of tracer
recovery. Even where vertical gradients are not present
naturally, abstraction from the pumping (monitoring)
borehole will induce vertical flows in the injection bore-
hole if the aquifer hydraulic properties are depth depen-
dent. The importance of the spatial variation of inflow to
the aquifer from the injection borehole on the interpretation
of a tracer test has long been recognized and methods,
typically based on point dilution techniques, have been
employed in the field to estimate the distribution [e.g.,
Ronen et al., 1991; Flynn et al., 2005; West and Odling
2007; Mathias et al., 2007]. Of interest here is the quan-
tification of the vertical distribution of tracer delivery to
the aquifer, including the impact of vertical flow in the
injection borehole, from the hydraulic properties of the
aquifer and the pumping rate in the abstraction borehole.
We present general formulae describing the steady state
heads and flows in both boreholes due to background head
gradients modified by pumping, and a description of the
theoretical mass recovery in each layer. These models are
applied to the results of a tracer test conducted with novel
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monitoring in a multilayered aquifer system. We investi-
gate how mass recovery over depth is affected by changes
in background heads, explore the effect of the scale of the
test, and consider the sensitivity of tracer recovery to the
hydraulic regime close to the injection borehole. Finally,
we consider the implications for tracer test interpretation
and design.
2. Hydraulics and Tracer Recovery
2.1. Steady State Hydraulics of a Pair of Boreholes
in a Multilayered Aquifer
[3] Here we consider the steady state hydraulics of a
tracer test conducted between an injection and an abstraction
borehole in a multilayered aquifer (Figure 1), and present
formulae describing the heads in each borehole and flows to
and from them. We assume that the aquifer is composed of
N laterally homogeneous and isotropic aquifer units con-
fined by laterally extensive aquitards (effectively aqui-
cludes), and that each aquifer unit is penetrated to the same
extent by the boreholes. The steady state background heads,
namely, those at distance from the borehole, may be dif-
ferent in each layer. The pump in the abstraction borehole is
located either within the top aquifer layer or in the casing
above, and we assume that upflow losses in the borehole are
negligible.
[4] For a particular aquifer layer, the steady state draw-
down in each borehole is given simply by superposing
Thiem equations. For the pumped and injection boreholes,
the resulting equations for layer n are
Hn  hw ¼ Qn2Tn ln
Rn
rw
 
þ Qn′
2Tn
ln
Rn′
r
 
ð1Þ
Hn  hw′ ¼ Qn2Tn ln
Rn
r
 
þ Qn′
2Tn
ln
Rn′
rw′
 
; ð2Þ
respectively, where Hn [L] is the background head, hw and
h′w [L] are the heads in the abstraction and injection bore-
hole, respectively, Qn [L
3 T−1] is the outflow from the
aquifer at the abstraction borehole due to the combined
effect of pumping and vertical head gradients, Q ′n [L
3 T −1] is
the outflow from the aquifer at the injection borehole due to
vertical flow in the borehole, Tn [L
2 T −1] is the layer
transmissivity, Rn [L] is the radius of influence of the dis-
charge to the abstraction well, and R′n [L] is the radius of
influence of the discharge to the injection well due to ver-
tical flow, rw and r′w [L] are the radii of the abstraction and
injection boreholes, respectively, and r [L] is the distance
between borehole centers.
[5] The mass balance equations are constructed by
noting that the upflow in a borehole through an aquitard,
QV,n+1 [L
3 T −1], is given by the upflow in the borehole
through the aquitard immediately below plus the inflow
from the intervening aquifer layer. Thus, for all n,
QV ;nþ1 ¼ QV ;n þ Qn ð3Þ
QV ;nþ1′ ¼ QV ;n′ þ Qn′ ; ð4Þ
where the prime indicates the injection borehole. We
assume that there is no vertical flow into the bottom of
either borehole, nor flow out of the top of the injection
borehole. Hence,
QV ;0 ¼ QV ;0′ ¼ QV ;N′ ¼ 0: ð5Þ
Discharge from the pumping borehole, Q [L3 T−1], occurs
at the top of the borehole and so
QV ;N ¼ Q: ð6Þ
Solving equations (1)–(6) gives heads in the pumped and
observation wells as
hw ¼
2
XN
i¼1
Ti
 !XN
i¼1
Ti
i
Hi
 
 Q
XN
i¼1
Ti
i
ln
Ri
rw
  
2
XN
i¼1
Ti
 !XN
i¼1
Ti
i
  ð7Þ
hw′ ¼
2
XN
i¼1
Ti
 !XN
i¼1
Ti
i
Hi
 
 Q
XN
i¼1
Ti
i
ln
Ri
r
  
2
XN
i¼1
Ti
 !XN
i¼1
Ti
i
  ; ð8Þ
Figure 1. Conceptual model of aquifer and schematic
tracer test setup. Hatched regions are aquitards; numbers
1–6 are the layer numbers referred to in the text; circles give
the sampling positions; solid black rectangles represent the
cased sections of each borehole; gray rectangles represent
the inflatable packer, which is connected to the surface with
a flexible pipe. Discharges to each borehole are shown for
layer 4 to illustrate the sign convention employed.
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respectively, where
i ¼ ln Rirw
 
ln
Ri′
rw′
 
 ln Ri
r
 
ln
Ri′
r
 
: ð9Þ
Drawdown is given simply by the difference between the
head at zero discharge and that during pumping. So the
drawdown in each borehole is given by
sw ¼
Q
XN
i¼1
Ti
i
ln
Ri
rw
  
2
XN
i¼1
Ti
 !XN
i¼1
Ti
i
  ð10Þ
sw′ ¼
Q
XN
i¼1
Ti
i
ln
Ri
r
  
2
XN
i¼1
Ti
 !XN
i¼1
Ti
i
  : ð11Þ
The lateral flows to the pumped and observation bore-
holes in layer n are
Qn ¼ 2Tn
n
Hn ln
r
rw′
 
þ hw′ ln Rn′r
 
 hw ln Rn′rw′
  
ð12Þ
Qn′ ¼ 2Tn
n
Hn ln
r
rw
 
þ hw ln Rnr
 
 hw′ ln Rnrw
  
; ð13Þ
respectively.
2.2. Theoretical Mass Recovery
[6] In this section we consider the recovery of a nonre-
active tracer in each layer at the pumping borehole.
Hydrodynamic dispersion and ambient horizontal ground-
water flow are assumed to be negligible and the boreholes to
be parallel. The mass of tracer transferred from the injection
borehole to an aquifer layer depends upon the pumping rate
in that layer and the flows to or from the injection borehole
due to vertical flow. Mass recovery in layer n requires Qn > 0
and is further controlled by the location of the flow stagna-
tion point created by the discharges from the two boreholes.
If the radius of the boreholes were effectively zero, a stag-
nation point would exist along the line joining the borehole
centers at a distance rQ′n /(Qn + Q ′n) from the center of the
injection borehole. However, the existence of a finite radius
borehole can distort (in many cases, focus) the horizontal
flow field, thereby modifying the location of the stagnation
point in the region of the borehole. For the case in which the
stagnation point is close to the injection borehole, i.e., when
∣Q′n∣  Qn, the distance of the stagnation point from its
center, measured toward the abstraction borehole, can be
approximated by rQ′n /(anQn + Q ′n), where an is a dimen-
sionless focusing factor. It is convenient for later discussion
to define the dimensionless number
Wn ¼ rQn′rw′ nQn þ Qn′ð Þ ; ð14Þ
which characterizes the location of the stagnation point such
that it lies within the injection borehole when −1 < Wn < 1.
[7] From the symmetry of the geometry of the test setup,
when ∣Q ′n∣  Qn, the stagnation point is close to the
abstraction borehole and its distance from the center of the
borehole in the direction of the injection borehole can be
approximated by rQn/(anQ ′n + Qn). Here, to avoid compli-
cating the notation, we have assumed that the focusing
factor is the same for each borehole, but a simple, appro-
priate substitution can remove this assumption if necessary.
[8] In general, the stagnation point can lie within one of
five distinct regions, each of which leads to a different
regime of tracer recovery. These regions are demarcated by
values of Q′n /Qn derived simply from the expressions for the
locations of the stagnation points given in the preceding
paragraph. These regions, in order of decreasing values of
Q ′n /Qn (i.e., from large positive to large negative values of
Q ′n) are (1) between the center of the abstraction borehole
and the rim of the injection borehole closest to the abstraction
borehole, (2) within the injection borehole, (3) outside the
injection borehole, on the opposite side from the abstraction
borehole, (4) outside the abstraction borehole on the far side
from the injection borehole, and (5) within the abstraction
borehole on the far side of the center from the injection
borehole.
[9] We introduce a recovery function, f (Q′n, Qn), defined
as that discharge of water from the injection borehole that is
captured at the abstraction borehole.
[10] In case 1, the injection borehole is not within the
capture zone of the abstraction borehole and so the recovery
function is zero.
[11] It is convenient to consider case 3 before case 2. In
case 3, the whole of the injection borehole is within the
capture zone of the abstraction borehole and so the value of
the recovery function is equal to the discharge from the
injection borehole to layer n of the aquifer (−Q ′n).
[12] In case 2, the theoretical stagnation point lies within
the injection borehole. Locating a stagnation point within
the borehole presupposes that Q′n can be represented by a
point sink (Figure 2a). However, if Q′n is, a little more
realistically, considered to be uniformly distributed across
the borehole, no such stagnation point exists (Figure 2b).
Nevertheless, since the permeability within the borehole is
generally many times larger than that of the rock, both
models produce effectively the same pattern of flow outside
the borehole (Figure 2), and so we can extend the use of a
theoretical stagnation point to within the borehole to char-
acterize the flow around it.
[13] In case 2, the recovery function varies continuously
with Q ′n and Qn. We are not aware of an analytical
expression for the recovery function in this case and so
numerical experiments were conducted, using COMSOL
Multiphysics, to assess its dependence on Q ′n for fixed va-
lues of Qn. Values of the recovery function were estimated
for a range of values of Q ′n by integrating the normal flux
from the injection borehole over that part of its rim from
which outflow is captured by the abstraction borehole. The
evidence is strong that this function can be approximated
well by a quadratic in Q ′n. For parameter values: r/r′w = 20,
an = 2 and Qn = 1; the value of R
2 from the least squares
quadratic fit is 1.0 (to 3 decimal places). A similarly
good fit was achieved using the geometry and abstraction
rate from the tracer test described in section 3. The exact
form and coefficients of this quadratic function, g(Q ′n,
Qn), can be established algebraically from three known
RILEY ET AL.: CONVERGENT TRACER TESTS IN MULTILAYERED AQUIFERS W07501W07501
3 of 14
pairs of values of Wn and g(Q ′n, Qn) determined from the
two stagnation points on the rim of the borehole [Wn = −1,
g(Q ′n, Qn) = −Q ′n; and Wn = 1, g(Q ′n, Qn) =0] and from
the case in which the discharge due to vertical flow is
zero [Wn = 0, g(Q′n, Qn) = r′wan/pr]. This gives
g Qn′ ;Qnð Þ ¼ aQn′
2 þ bQn′Qn þ cQ2n
Qn
; ð15Þ
where
a ¼  2ð Þ r
2  rw′2
 
2rrw′ n
; b ¼ 4 ð Þrw′  r
2r
; c ¼ rw′ n
r
: ð16Þ
Figure 3 shows the simulated recovery function and the
quadratic model against Q ′n for parameter values: r/r′w =
20, an = 2 and Qn = 1.
[14] As the value of Q′n becomes more negative than −Qn,
the stagnation point switches to the opposite side of the
abstraction borehole from the injection borehole (case 4). In
this case, all the water abstracted originates from the injection
borehole and so the recovery function is equal to Qn.
[15] Finally, in case 5, as Q′n becomes sufficiently nega-
tive, the stagnation point moves inside that part of the
abstraction borehole on the far side from the injection
borehole. A stagnation point at the center of the abstraction
borehole represents a zero abstraction and hence a recovery
of zero. Thus, in case 5 the recovery function varies con-
tinuously between Qn at the borehole rim and zero at the
center according to a function, gabs(Q′n, Qn). The exact form
of the function gabs(Q′n, Qn) is of little practical interest here
since it covers the transition between recovery function
values of zero and Qn, but applies only when Qn is con-
siderably smaller in magnitude than Q′n and hence when the
recovery is already close to zero.
[16] In summary, the fraction, mn, of the total mass
recovery that is retrieved from level n in the abstraction
borehole, in a system with N layers is given by
mn ¼ f Qn′ ;Qnð ÞPN
i¼1
f Qn′ ;Qnð Þ
; ð17Þ
where f (Q′n, Qn) is zero if Qn ≤ 0 and is otherwise defined by
equation (18):
f Qn′ ;Qnð Þ ¼
0 if
nrw′
r  rw′ <
Qn′
Qn
g Qn′ ;Qnð Þ if  nrw′r þ rw′ <
Qn′
Qn
<
nrw′
r  rw′
Qn if 1 < Qn′Qn < 
nrw′
r þ rw′
Qn if  r þ rw
nrw
<
Qn′
Qn
< 1
gabs Qn′ ;Qnð Þ if Qn′Qn < 
r þ rw
nrw
8>>>>>>>>>>><
>>>>>>>>>>:
:
ð18Þ
3. Tracer Test
3.1. Background
[17] The tracer test was conducted in 2008 at the
University of Birmingham, United Kingdom, in a Permo‐
Triassic Sandstone aquifer. This sandstone, described by
Figure 2. Streamlines and equipotentials in and around the
injection borehole simulated using COMSOL Multiphysics
when Q′n is treated as (a) a point sink and (b) a distributed
sink. The abstraction borehole (not shown) is located to the
right of the injection borehole; Wn = 0.3, r/r′w = 20, an = 2,
and Qn = 1.
Figure 3. Simulated values of recovery (solid circles) and
the quadratic model (solid line) as a function of Q′n when
−1 < Wn < 1, r/r′w = 20, an = 2, and Qn = 1. All values are
standardized by the magnitude of Q′n that corresponds to
Wn = −1.
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Allen et al. [1997], Tellam and Barker [2006], and Hitchmough
et al. [2007], is used extensively for water supply in England
and underlies several other major cities, includingNottingham,
Liverpool, and Manchester. The sequence investigated com-
prises weakly to well‐cemented fluvial and aeolian sand-
stones, with occasional mudstones and paleosols.
[18] The test site comprises two closely spaced boreholes
and a third approximately 20 m from both. Initial site
characterization was carried out using optical televiewer,
natural gamma and resistivity borehole logs; cores from the
boreholes were lithologically described and extensively
tested for permeability [Bouch et al., 2006]. The tracer
test reported below was designed as part of a sequence of
investigations into the migration of viruses in the sandstone,
in which fluorescein was used as nonreactive tracer.
3.2. Tracer Injection and Sampling
[19] The injection and abstraction boreholes are 7.53 m
apart (center to center), have internal diameters of 0.15 m,
and are both open to 50 m below datum (mbd), which is
taken to be the top of casing in BH3, the injection borehole
(Figure 1). BH3 is cased to 12.2 mbd and the monitoring
borehole (BH2) cased to 15.4 mbd. Cross‐hole packer
testing [Ferguson, 2006] indicated that the section of BH3
above 15 mbd is effectively isolated hydraulically from BH2
except through BH3 itself. Hence, to simplify the experi-
ment, the section above 15 mbd in BH3 was isolated from
that below with an inflatable packer connected to the surface
by flexible piping so that work could be carried out in the
lower part of the borehole (Figure 1). Tracers were intro-
duced into BH3, without changing the head, using a recir-
culation system with a Grundfos MP1 pump installed just
below the packer and connected to a length of 25 mm id
piping running from the pump to the surface and down to
the bottom of the borehole. A tap for injection and sampling
was inserted into the piping at the surface. A recirculation
rate of 26 m3 d−1, which is sufficient to flush the borehole in
about 30 min, was maintained until the concentration in the
borehole was negligible.
[20] Abstraction from BH2 was achieved using a 3 inch
Grundfos submersible pump with electronic speed control
and a maximum discharge of 180 L min−1, installed near the
bottom of the casing. The system was pumped to steady
state at 122 m3 d−1, after which 20 g of fluorescein dissolved
in 10 L of water were injected into BH3 over a period of
95 min. A suspension of bacteriophages was injected approx-
imately 24 h later. The test was monitored for 26 days. The
heads above and below the packer in BH3 and in BH2 were
monitored with Keller pressure transducers. Head monitor-
ing started before the packer in BH3 was inflated and con-
tinued until the end of the test.
3.3. Tracer Sampling
[21] A novel sampling system, designed to collect water
from discrete depths, was installed in BH2 below the 3 inch
pump. This consisted of a single Grundfos MP1 pump
encased in a pump chamber with a manifold at the bottom
connected to 5 intake pipes, each one cut to sample at a
selected depth in the borehole. Each intake pipe was
connected to the manifold via a solenoid valve and a one‐
way valve. A similar system of pipes, one‐way valves and
manifold were fitted to the top of the pump chamber, the
pipes leading to sampling points at the ground surface. The
solenoid valves were controlled to route flow from each
depth sequentially, through the pump and to a monitoring
point at the surface for periods of 20 min at a time. Dis-
charge from each sampling pipe (on average 5 m3 d−1) was
fed through an Argonide NanoCeram® virus filter trap, with
a small discharge taken from the sampling pipe at ground
surface, using a peristaltic pump, and delivered to a Schnegg
fluorimeter and to a particle counter. The virus traps were
replaced daily, while fluorescein concentrations were logged
every 10 s. A sample of the discharge from the 3 inch pump
was passed continuously through a virus trap and another
sample routed through a second fluorimeter.
[22] Samples were taken from depths of 16.2 mbd (through
the 3 inch pump) and 21.5, 28.0, 38.4, 43.0, and 47 mbd
through the Grundfos MP1 (Figure 1). The sampling
depths were chosen to coincide with low‐permeability
layers determined from geophysical logs, borehole flow
tests (section 3.4) and cross‐hole packer testing [Ferguson,
2006], and define six aquifer layers numbered sequentially
from the bottom of the system (Figure 1). Layer 1 is
assumed to be bounded below by an aquitard close to the
bottom of the boreholes. The low‐permeability layers are
either mudstones or paleosols [Bouch et al., 2006; Tellam
and Barker, 2006].
3.4. Borehole Flow Tests
[23] The recorded fluorescein concentrations represent the
total inflow of tracer between the bottom of the borehole and
each sampling level, and calculation of mass breakthrough
in each layer requires the discharge at the abstraction
borehole in each layer to be known. Estimates of these va-
lues were determined from the results of a borehole flow
test, conducted after the tracer test [Price, 2008]. For this
test, groundwater was abstracted using a pump installed
inside the borehole casing. After steady state conditions
were established, upflow was measured at a range of depths
in the borehole using an impeller flowmeter installed inside
a hollow‐centered packer system. The cumulative inflow
rates were then differentiated to give inflow per meter
(Figure 4). The results closely match a similar test con-
ducted before the tracer test, but at a coarser resolution.
3.5. Experimental Mass Recovery
[24] Unexpectedly, the mass of fluorescein recovered at
each level during the test, expressed as a fraction of the total
recovered (estimated to be 95% of that injected), was found
not to be proportional to the abstraction rate in that level
(Figure 5). Although this result could be attributable to
nonradial flows caused by heterogeneity of the aquifer,
measurements by Ferguson [2006] indicated an increase in
head with depth at the experimental site, suggesting the
possibility of significant vertical transport in the injection
borehole, resulting in greater delivery of tracer to the upper
layers of the aquifer. This appears to be consistent with the
general trend of decreasing tracer recovery with depth. Such
vertical head gradients are not uncommon in the UK
Permo‐Triassic sandstones [e.g., Brassington, 1992; Segar,
1993; Rushton and Salmon, 1993; Stagg et al., 1998;
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Streetly et al., 2002; Taylor et al., 2003; Furlong et al.,
2011].
4. Application of Theory to Field Data
4.1. Approach
[25] In this section, we test the feasibility of the hypoth-
esis that the unexpected mass recovery in each layer is due
to upflow in the system, particularly in the injection bore-
hole. Taken together, the formulae presented in sections 2.1
and 2.2 describe the mass recovery in each layer as func-
tions of the overall pumping rate in the abstraction borehole,
and the transmissivity, radii of influence of abstractions and
injections, and background head in each layer. Formulae for
the drawdown in each borehole are also presented. Since the
hydraulic properties of each layer are not well constrained
by detailed field testing, the approach taken here is to use
the mass recovery from the tracer test to estimate the
hydraulic properties and to compare these with simply
derived ranges of values for these parameters. In particular,
the inferred radii of influence are compared with known
limits on these values derived from monitored drawdown in
other boreholes during the tracer and other hydraulic tests.
Taking this approach requires the background heads in each
layer to be known.
4.2. Determination of Background Heads
[26] The pattern of tracer recovery observed in the tracer
test was unexpected and investigations to quantify the ver-
tical head gradients were not conducted at the time of the
test. However, in this section, we reanalyze work carried out
in a different context at the site in 2006 in order to estimate
the gradients. In the previous study, Ferguson [2006] con-
ducted cross‐hole packer tests in the experimental boreholes
in which a single packer was installed at low‐permeability
horizons and the borehole pumped from above the packer
with heads monitored above and below the packer and in the
adjacent open hole (for details of the method, see Le Borgne
et al. [2007]). As part of these tests, head changes above and
below the packer were monitored during packer inflations
and, additionally, an open hole constant rate discharge test
was carried out. Step drawdown tests in the boreholes
showed nonlinear losses in the pumping borehole to be
insignificant for the abstraction rates used in the constant
Figure 4. Inflow per unit length over depth in the abstrac-
tion and monitoring borehole.
Figure 5. Fraction of total flow and tracer mass recovery at the monitoring borehole for each aquifer
layer (tracer test conducted in 2008).
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discharge and tracer tests. In the analysis of the packer
tests, the steady state flow to the borehole in any layer
can be characterized by the product of a conductance term,
Ci [L
2 T −1], and a head difference, which has the advantage
of requiring no assumptions to be made about the aquifer
geometry. If, as in this study, the aquifer is assumed to
comprise hydraulically distinct subhorizontal layers, the
conductance term can be related simply to the parameters of
the Thiem equation. If heads are measured relative to the
initial static water level in the borehole, then when the hole
is open and unpumped, the steady state mass balance
equation is
XN
i¼1
CiHi ¼ 0: ð19Þ
When the packer is inflated at the top of layer n, the mass
balance equations below and above the packer are
Xn
i¼1
Ci Hi Dhb;n
  ¼ 0 ð20Þ
XN
i¼nþ1
Ci Hi Dha;n
  ¼ 0; ð21Þ
where Dhb,n and Dha,n [L] are the increases in head
observed on packer inflation below and above the packer,
respectively. Finally, if the open borehole is pumped to
steady state, the mass balance equation in the borehole is
XN
i¼1
Ci Hi  sð Þ ¼ Q; ð22Þ
where s [L] is the steady state drawdown in the borehole.
[27] Assuming the flow rate dependence of the con-
ductances to be small, equations (19)–(22) can be solved
simultaneously to give the conductances and background
heads. Table 1 shows the results derived from tests con-
ducted in 2006 in the injection borehole (BH3). Heads are
presented relative to the static water level in the borehole
when the packer tests were conducted. Note that in this set
of tests, levels 1 and 2 from the tracer test were not differ-
entiated. Under ambient conditions, layer 6 drains the
aquifer. When the test zone was isolated from the overlying
aquifer by an inflatable packer, the head below the packer
increased by 0.68 m, changing the flow system in the test
zone. Under these conditions, water enters the borehole
from layers 1, 2, and 3 and exits through layers 5 and 6.
There is no significant horizontal flow in layer 4.
[28] During the intervening period between the packer
tests and the tracer test, the vertical head gradient at the site
diminished markedly. During the packer inflations in the
2006 tests, the difference between the pressure monitored
above and below the packer in the top position in BH3 was
1.54 m, whereas when the packer used in the tracer test,
conducted in 2008, was inflated (in the same location) the
differential pressure change was only 0.05 m. The reason for
the significant change in heads is not understood. Generally,
vertical flow in the aquifer in the region of the test site is
thought to be caused by the Birmingham Fault, which jux-
taposes the upper layers of the sandstone and substantial
mudstone units, restricting horizontal regional flow and
causing discharge to a stream approximately 200 m from the
site. However, heads at the test site itself tend to be more
complex with significant temporal variations. Since it was
not practical to carry out detailed investigations into the
ambient heads distribution following the 2008 test, the
heads have had to be estimated. Thus, the heads (relative to
the head in the overlying aquifer) that are assumed to apply
during the tracer test have been derived by scaling the
measured heads by the factor 0.05/1.54 (Table 1). Clearly,
the derived head distribution is uncertain, but it is used in
section 4.3 as the basis for an illustrative investigation into
the nature and scale of the effect of vertical flow in the
boreholes.
4.3. Hydraulic Properties Inferred From the Tracer
and Hydraulic Tests
[29] In this section, we demonstrate that the discharges
due to vertical flow in the injection borehole necessary to
produce the observed mass recovery in each layer are con-
sistent with the known hydraulic behavior of the aquifer.
[30] The approach taken is to use equations (9)–(13)
and equations (15)–(18) to match the observed values of
mn, Qn (for n = 1…N), sw, and s′w by varying the
hydraulic properties, Tn, Rn, and R′n. The values of Hn are
modified from the work of Ferguson [2006] as described
above, mn, sw, and s′w are taken from the tracer test, and
since the flow system is linear, values of Qn can be
inferred by scaling the results from the borehole flow
tests (section 3.4) to match the pumping rate applied
during the tracer test. Values of an are required, but are
not simply determined and are likely to be affected by
heterogeneities local to the injection borehole. As a first
approximation, a single effective value was estimated for
the entire open section of the injection borehole using the
decrease in the tracer concentration, c [M L−3], in the
injection borehole and assuming that
dc
dt
¼ c; ð23Þ
where l [T −1] is given by the discharge through the
injection borehole divided by the open borehole volume,
from which
n ¼ 
2rw′ rL
Q
ð24Þ
for all n, where L [L] is the length of the open section of
the borehole. When applied to the field data, this gives
an = 1.0.
Table 1. Conductances (2006) and Background Heads (2006 and
2008)
Aquifer Layer
1, 2 3 4 5 6 7a
Cn, 2006 (m
2 d−1) 5.3 4.4 2.8 8.8 7.6 23.5
Hn, 2006
b (m) 2.15 1.82 0.68 0.66 −0.90 −0.86
Hn, 2008
b,c (m) 0.098 0.087 0.050 0.049 −0.001
aLayer 7 represents the aquifer overlying the test zone.
bHeads are given relative to the static water level in the open borehole at
the start of the packer testing.
cScaled head values assumed to apply during the tracer test.
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[31] There are 2N + 2 measurements and 3N parameters to
be fitted. Thus, additional restrictions on the parameter values
need to be specified in order to produce an overconstrained
set of equations suitable for optimization. We suppose ini-
tially that R′n = Rn and then consider the implications of
alternative assumptions. Optimization was carried out using
SOLVER in Microsoft Excel [Fylstra et al., 1998], which
uses a generalized reduced gradient method for nonlinear
problems, giving a maximum absolute relative error in
mn, Qn, sw, and s′w of 1.0 × 10
−3, with reduced gradients
of zero reported for each variable. The results are sum-
marized in Table 2. The optimized values of Q′n suggest
that vertical flow in the borehole is fed from levels 1 to 3
whereas levels 4 to 6 act as sinks. The optimized radii of
influence are in a range consistent with field data: during
the tracer test, significant drawdown was observed in a
borehole with similar construction to the test boreholes at
a distance of 20 m from the abstraction, but no drawdown
was recorded in an additional borehole at approximately
85 m. The Thiem analysis of a steady state, constant
discharge test conducted in BH3 [Ferguson, 2006], which
included the aquifer layer that was isolated from the test
zone in the tracer test, gives a transmissivity of 54 m2 d−1
and a radius of influence of 50 m. Data from the same
study show that the total conductance of the tracer test
zone represents just 48% of that of the entire open bore-
hole (Table 1), which assuming similar radii of influence in
the test zone and above, suggests a transmissivity for the
tracer test zone of about 26 m2 d−1. This is in close
agreement with the total transmissivity of 24 m2 d−1
inferred from the tracer test analysis. Conductance values
for individual levels predicted from the inferred hydraulic
parameters show a RMSE of 2.7 m2 d−1 compared with
those values shown in Table 1. This error is dominated by
a large difference of 4.23 m2 d−1 between the measured
conductance and that derived for layer 6, without which the
RMS drops to 1.4 m2 d−1. Since ∣Q′n∣  ∣Qn∣ for all n,
the correlation between the inferred transmissivity and the
abstraction rate in each layer is high (1.000 correct to 3
decimal places).
[32] The assumption that R′n = Rn can be evaluated by
considering the sensitivity of the optimized values of Tn and
Rn to values of R′n for given values of the other parameters.
Solving equation (1) and equation (2) for Tn and Rn shows
that the optimized value of Tn is independent of R′n and that
the optimized value of Rn can be expressed as
lnRn ¼ Aþ B lnRn′ ; ð25Þ
where A and B are functions of the remaining parameters.
Thus, for a particular layer, and using R′n = Rn as the base
case, equation (25) can be used to assess the change in the
optimized value of Rn, given alternative assumptions about
R′n. Figure 6 shows these changes as a function of R′n for the
parameter values associated with the tracer test. The changes
are minor and show that for this particular data set, the
optimization is comparatively insensitive to assumptions
relating to R′n.
Table 2. MassRecovery, Flow toBoreholes, and InferredHydraulic
Properties (2008)
Aquifer Layer
1, 2 3 4 5 6
Fraction of mass recovered mi 0.06 0.06 0.21 0.33 0.34
Abstraction rate Qn (m
3 d−1) 38 20 9 38 18
Flow to injection borehole
due to vertical flow
Q′n
a (m3 d−1)
0.239 0.086 −0.099 −0.065 −0.159
Wn 0.63 0.43 −1.10 −0.17 −0.90
Transmissivity Tn
a (m2 d−1) 7.45 3.93 1.85 7.55 3.60
Radius of influence
Rn and R′n
a (m)
64.1 64.4 70.4 64.8 64.8
aInferred from optimization.
Figure 6. Changes in the optimized values of Rn, as a function of R′n, from those estimated using
R′n = Rn.
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[33] Figure 7 shows the change in inferred radius of
influence for each layer from its original value as a function
of an. Changing the values of an for individual layers
produces smaller changes. Inferred transmissivity values are
relatively insensitive to changes in an, showing a maximum
absolute change of 2.6% and a mean absolute change of
0.7% of their original values over the range of an tested.
5. Discussion: Importance of Vertical Flow
5.1. Effect of Vertical Head Gradients
[34] The forced gradient, convergent tracer test described
above is a useful vehicle for illustrating the sensitivity
of tracer recovery to the model parameters. Throughout
section 5, we assume in calculations that the values of an are
all equal to one as estimated from the field data, the system is
mass conservative, the boreholes are of equal diameter, and
that R′n = Rn for all n.
[35] The effect of vertical head gradients on tracer test
results can be illustrated by comparing the fraction of total
mass recovery and the pattern of vertical flow in the injection
borehole reported above with those calculated for two
hypothetical tests; one under the substantially greater vertical
head gradients prevailing in 2006 (Table 1), and another in
which background heads are assumed to have equilibrated.
The pumping rate is taken to be unchanged in both scenarios
and the inferred transmissivity values and radii of influence
given in Table 2 are assumed to apply. Equations (12) and
(13) are used to estimate Qn, and Q′n, and mass recovery is
calculated using equations (17) and (18).
[36] The results for the hypothetical test in 2006, summa-
rized in Table 3, show that the pattern of upflow in the
injection borehole is qualitatively unchanged, but that the
magnitude is much greater than in the 2008 test. There
are relatively minor changes in the distribution of flow to
the abstraction borehole, but most significantly, 64% of the
tracer transport takes place in the highest layer and there is
no tracer recovery at all in the lowest three aquifer layers.
[37] For the case in which the background vertical head
gradients are zero, the simulation results (Table 4) indicate a
change in the pattern of vertical flow in the injection bore-
hole from the 2008 test. In this case, pumping induces
vertical flows toward the central section of the borehole with
the major inflows to the borehole occurring in the lower
layers. This pattern results in a tracer recovery in layer 4
approximately 2.8 times greater than that expected from
considerations of transmissivity alone.
5.2. Comparison With a Previous Tracer Test
[38] A tracer test, in which a tracer was sampled just from
the discharge from the abstraction borehole, was conducted
as part of a previous investigation in 2005 [Joyce et al.,
2007]. This test was carried out with the direction of flow
reversed and without the packer in BH3 (Figure 1). Thus,
when BH3 was pumped, groundwater was abstracted from
layers 1 to 6 and from the (unconfined) aquifer above. The
test was conducted at an abstraction rate of 210 m3 d−1.
Fluorescein mass recovery is estimated to be 67% of the 20 g
injected. The fluorescein breakthrough curve from the top of
layer 6 in the 2008 test, standardized to have unit area
(Figure 8), shows significant differences in shape from that
from the 2005 test (Figure 10). We speculate here that the
differences in the curves might be explained by different
Figure 7. Changes in the optimized values of Rn, as a function of an, from those using an = 1.
Table 3. Mass Recovery and Flow to Boreholes Assuming
Background Heads Measured in 2006
Aquifer Layer
1, 2 3 4 5 6
Fraction of mass recovered 0.0 0.0 0.08 0.28 0.64
Abstraction rate Qn (m
3 d−1) 43 22 9 36 13
Flow to injection borehole due
to vertical flow Q ′n (m
3 d−1)
5.71 2.09 −0.59 −2.20 −5.01
Wn 11.75 8.77 −7.29 −6.60 −62.5
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patterns of vertical flow in the injection borehole during the
two tests.
[39] Although the total abstraction rate during the 2005
test is known, the resulting discharge from layers 1 to 6 is
not since a proportion of the water abstracted is drawn from
the overlying unconfined aquifer. Furthermore, there are no
available data relating to ambient vertical head gradients in
2005. Nevertheless, an insight into the 2005 test can be
obtained by considering the results of simulations using the
results of the 2008 test and the parameterized model of
recovery from section 4.3. We assume, for the sake of
argument, that the ambient vertical gradients are the same as
those prevailing in 2006. In the absence of pumping, these
conditions produce outflow to layer 6 from both boreholes
(Table 1). Hence, Q′6 < 0 and, significantly, Q6 < 0. To
recover tracer in BH3 from layer 6, the borehole must be
pumped at a rate sufficient to reverse this outflow. The
parameterized model predicts Q6 to be zero when the total
discharge from layers 1 to 6 is approximately 34 m3 d−1 in
which case recovery occurs only in layers 4 and 5 since the
stagnation points in layers 1 to 3 lie between the boreholes.
At this pumping rate the model predicts recovery in layers 4
and 5 to be approximately in the ratio 1:4. Figure 9 shows
the breakthrough curves from layers 4 to 6 in the 2008 test.
Figure 10 shows the 2005 breakthrough curve and a hypo-
thetical breakthrough curve constructed from the combined
breakthrough curves from layers 4 and 5 in the 2008 test,
weighted so that the mass recoveries are in the predicted
ratio. Both curves have been standardized to have unit area
so that their shapes can be simply compared. Since the
modeled ratios of Q4 to Q5 are almost identical for 2005 and
2008, the 2008 discharges through layers 4 and 5 have been
scaled by the same factor to give a visual fit to the 2005
breakthrough curve, which is remarkably good. Increasing
the discharge from layers 1 to 6 beyond 34 m3 d−1 increases
the influence of layer 6 on the hypothetical breakthrough
curve, changing its shape. For discharges from approxi-
mately 34 m3 d−1 to 68 m3 d−1, the flow stagnation point lies
on the far side of the abstraction borehole from the injection
borehole (case 4), so only a proportion of the tracer from the
injection borehole is recovered, which is qualitatively con-
sistent with the lower recovery in the 2005 test.
[40] Drawing firm conclusions from the foregoing dis-
cussion has to be approached with some care since the
quality of the data upon which it is based is poor and the
scaling of arrival times has been based upon quality of fit
rather than on calculation. Thus, conclusions remain spec-
ulative. However, the similarity of the breakthrough curves
in Figure 10 would appear to suggest that breakthrough
from layers 4 and 5 dominated the 2005 test, highlighting
the potential importance of vertical flow in the injection
borehole and the consequent necessity to ensure that the
abstraction rate applied during such a test is adequate.
5.3. Scale of Tracer Experiments
[41] The fundamental control on recovery in each layer is
the position of the flow stagnation point. In the region of the
injection borehole the stagnation point is characterized by
rQ′n/(anQn + Q′n). For small values of rQ′n or large values
of Qn, the stagnation point is close to the center of the
borehole. Since r > 0 and Qn is finite, a stagnation point
exactly at the center of the injection borehole indicates that
Q′n = 0, and consequently that the horizontal discharge
Table 4. Mass Recovery and Flow to Boreholes Assuming Zero
Background Head Gradient
Aquifer Layer
1, 2 3 4 5 6
Fraction of mass recovered 0.23 0.13 0.21 0.29 0.14
Abstraction rate Qn (m
3 d−1) 37 20 9 38 18
Flow to injection borehole
due to vertical flow
Q′n (m
3 d−1)
0.054 0.019 −0.083 0.008 0.003
Wn 0.14 0.09 −0.91 0.02 0.01
Figure 8. Scaled breakthrough curve as sampled from the top of layer 6 (i.e., through the main pump) in
the 2008 tracer test.
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through it, and hence the recovery, is proportional to the
layer transmissivity. Thus, if r is sufficiently small or Qn
sufficiently large for all n, recovery is effectively propor-
tional to transmissivity.
[42] For large interborehole distances, the proportional
recovery in each layer can be estimated in general by letting
r increase without limit in equation (18). Since there is no
recovery when Qn ≤ 0, we assume that Qn is positive which
gives the following: when Q′n > 0, recovery tends to zero;
when −Qn < Q′n < 0 recovery becomes proportional to
−Q′n; and when Q′n < −Qn recovery becomes proportional
to Qn.
[43] The effect of the scale of the tracer test can be
illustrated by considering the three scenarios outlined in
section 5.1, namely, the hypothetical test in 2006, the 2008
tracer test with reduced vertical head gradients, and a test
with background vertical head gradients of zero. When the
background vertical head gradients are large as in the
hypothetical 2006 test, recovery is dominated by vertical
flows and is almost independent of the interborehole dis-
tance: the value of r has to be reduced to less than 1.5 m
before a change in the third significant figure of fractional
tracer recovery can be seen. Figure 11 shows the distribution
of recovery as a function of r based upon the smaller range
of vertical head values from the 2008 tracer test. In the limit
as r reduces, the recovery reflects the transmissivity distri-
bution (not shown). As r increases, the recovery from the
layers in which there is inflow to the injection borehole due
to vertical flow reduces to zero, and the layers in which
there is outflow show recovery that is proportional to Q′n.
Figure 9. Breakthrough curves for layers 4, 5, and 6 from the tracer test conducted in 2008.
Figure 10. Scaled fluorescein breakthrough curves for tracer test conducted in 2005 and the weighted
average of layers 4 and 5 only from the test in 2008.
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Figure 12 shows the scenario in which the background
vertical gradients are zero. In this case, the progression from
transmissivity to vertical flow dominance with distance is
slower than in the previous scenarios. Only layer 4 exhibits
outflow from the injection borehole. This layer happens to
be the least transmissive, and so for small values of r, it
shows the lowest recovery, but in larger‐scale tests it pro-
vides the principal pathway for tracer migration.
5.4. Sensitivity of Recovery to Radii of Influence
[44] The issue of layer 4 in scenario 3 in section 5.3 (zero
background vertical head gradients) is worthy of further
attention. In this scenario, if all the radii of influence are
equal, the recovery is independent of the interborehole
distance and is proportional to the transmissivity. So, the
behavior exhibited in Figure 12 is due entirely to the dis-
tribution of the radii of influence. In this particular scenario,
the radius of influence in layer 4 is greater than those in
other layers, albeit by less than 10%, in order to match the
large recovery observed in the field test (Figure 5). In
general, variations in radii of influence of at least similar
magnitudes are likely to occur commonly in the field, and
these can have a significant impact on the distribution of
tracer recovery. For example, reducing R4 and R′4 in sce-
nario 3 from 70.4 m to 68.9 m creates flow from the
Figure 11. Fraction of total mass recovery in each layer as a function of the interborehole distance based
upon the background head distribution assumed to prevail during the 2008 tracer test.
Figure 12. Fraction of total mass recovery in each layer as a function of the interborehole distance based
upon background vertical head gradients of zero.
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injection borehole in layer 6, and reducing it again to 68.4 m
creates additional flow from the borehole in layer 5. At a
value of 66.1 m the recovery in layer 5 becomes larger than
that in layer 4 in a test conducted between boreholes 40 m
apart.
[45] The use of the radius of influence needs to be treated
with some caution since it is a device based upon the Thiem
analysis that is used to describe the size of the cone of
depression due to an abstraction at late times when a quasi‐
steady state has been achieved. Mathematically, its use
implies an unphysical change in the hydraulic gradient at
the radius of influence, effectively imposing a fixed head
boundary condition on the abstraction. Thus, it is inappro-
priate to overinterpret the drawdown close to the radius
of influence. Nevertheless, nearer the abstraction borehole,
the parameterized Thiem analysis, including the radius of
influence, is widely accepted as characterizing the later time
cone of depression well.
[46] This sensitivity to the radii of influence highlights the
importance of the observation that conservative tracer
recovery is limited by the hydraulic regime at the injection
borehole. The flow through the injection borehole due to
pumping is often small since it is inversely proportional to
the scale of the test, and consequently, minor differences in
Q′n created by subtle variations in the radii of influence
between layers, can have a major impact on the vertical
distribution of tracer recovery.
5.5. Implications for the Design and Interpretation
of Tracer Tests
[47] Tracer tests are conducted for a variety of reasons.
We consider tests that are carried out in order to develop our
understanding of transport processes, which use the aquifer
as a field laboratory, and those whose purpose is to char-
acterize the contaminant transport properties of an aquifer
itself. In both cases, the foregoing analysis shows that
without depth‐dependent monitoring and hydraulic testing,
we may easily be mistaken about the layers in the aquifer
that are actually being investigated. In the first kind of test,
provided we have suitable measurements, we can make
valid inferences about transport processes on the basis of
knowledge of the mass of tracer that passes through each
layer. In the second type of test, taking just depth‐integrated
samples from the abstraction borehole can lead to a funda-
mental misunderstanding about the transport behavior of the
aquifer under natural head gradients. The discussion of
scenario 3 in section 5.3 shows that under unfavorable
conditions, it is possible for transport during the test to be
focused in a single, low‐transmissivity layer that would play
only a minor role in contaminant migration driven by natural
horizontal head gradients. In general, controls on transport
during a tracer test include a scale‐dependent combination
of transmissivity values, radii of influence, and background
heads. There is, therefore, a potential problem in applying
results from this kind of tracer test to studies of migration
under natural head gradients in which the transmissivity
distribution plays a dominant part.
[48] When Qn < −Q′n, recovery in layer n is incomplete
(cases 4 and 5). When Qn > −Q′n and Wn ≤ −1 (case 3) the
recovery in layer n is determined entirely by the vertical
flow in the injection borehole and when Wn ≥ −1 (case 1) the
recovery is zero. Thus, to ensure recovery and reduce the
sensitivity of recovery to vertical flow in the injection bore-
hole, the scale of the test and discharge in each layer should be
such that −1 < Wn < 1, with Wn as close to zero as practical.
6. Summary and Conclusions
[49] Theoretical models have been presented that describe
the steady state flows and relative tracer mass recovery in a
borehole to borehole forced gradient tracer test in a multi-
layered aquifer system, including the effect of background
vertical head gradients. Steady state drawdown in each
borehole is also given. The models have been applied to the
results from a tracer test and a range of hydraulic tests in a
sandstone aquifer. Using a simple optimization procedure,
the transmissivity and steady state radius of influence of
each layer in the system have been inferred from the tracer
mass recovery data. The inferred hydraulic properties have
been shown to be consistent with the known hydraulic
behavior of the system and the underlying model used to
reinterpret a previous tracer test at the site.
[50] Further analysis of the forced gradient test shows that
tracer recovery in each layer is sensitive to the vertical
distribution of head and to the scale of the test. In particular,
as the scale of the test increases, recovery becomes pro-
gressively more sensitive to vertical flows in the injection
borehole. If the aquifer is heterogeneous in the vertical,
small vertical flows will be produced through pumping even
when the natural vertical gradients are zero, and these small
flows can be sufficient to dominate the distribution of
recovery in the vertical. These results highlight the difficulty
in extrapolating tracer test results in multilayered systems
to contaminant migration under natural gradients. Further-
more, prediction of recovery is inherently uncertain since it
depends strongly upon the hydraulic behavior of the aquifer
in the immediate vicinity of the injection borehole, which is
likely to be influenced by local small‐scale heterogeneities,
particularly in fractured rock.
[51] Horizontal head gradients, which are not included in
the models presented, have the potential to change the
vertical distribution of recovery and may play a role in the
inference of hydraulic property values. We would expect the
effects of horizontal gradients to be most significant when
the abstraction rate is too small to dominate the flow field or
when the stagnation point lies within the injection borehole.
However, quantifying the scale of the impacts of these
gradients on the distribution of recovery is not straightfor-
ward without theoretical models that include them. Unfor-
tunately, the development of such models is beyond the
scope of this paper and remains a challenge for the future.
[52] Nevertheless, the theoretical models presented here
are a quantitative aid to the design and interpretation of tracer
tests, and can be used to highlight and minimize the un-
certainties inherent in the design process. In particular, the
models can form the basis of a quantitative assessment of the
scale of test and pumping rate required to avoid problems of
the biased sampling of aquifer layers in a proposed tracer
test. The models might also be applied to other investigations
conducted near pumping wells in multilayered aquifers such
as point dilution tests and water quality sampling.
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